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We present a new definition of the wormhole throat including the flare-out condition and the 
traversability for general dynamical spacetimes in terms of null geodesic congruences. We will 
examine our definition for some examples and see advantages compared to the others. 


I. INTRODUCTION 

Wormhole is one of the interesting objects in gen¬ 
eral relativity [U-Q. Although we have a vague image 
of wormhole, there is no universal definition which can 
work for general situations. To discuss wormhole we have 
to specify the throat, the flare-out condition and so on. 
There are some proposals EM- As far as we know, 
for static and spherical symmetric cases, the definition 
of the throat was firstly given in Ref. [lj. Therein, the 
static slices are embedded to the Euclid space to see the 
throat structure. Since the symmetries are used for the 
definition of wormhole, it is clear that this proposal is 
not applicable for dynamical or non-spherical symmetric 
cases. 

The issue about the extension of the concept of worm- 
hole to general spacetimes has been already addressed 
in Refs. 0, 0] (see also Refs. EzHUb- In Refs. 0 0, 
using null geodesic congruences, the wormhole throat 
is defined as the minimal surface on the null hyper¬ 
surfaces, i.e. the trapping horizon El- We know 
that, in their definition, some exotic matters are re¬ 
quired for static wormholes 0, i i m 0 and for dy¬ 
namical ones mm without any singularities. Nev¬ 
ertheless, our Universe has the initial singularity, and 
cosmological wormhole solutions with the initial singu¬ 
larity, where two Friedmann-Lemaitre-Robertson-Walker 
(FLRW) universes are connected, were constructed with¬ 
out any exotic matters Since these solutions do not 
meet the definition of Refs. Si, the authors proposed 
an alternative definition focusing on spherical symmet¬ 
ric cases; the wormhole throat is the minimal surface 
on spacelike hypersurfaces 0. However, this definition 
strongly depends on which spacelike hypersurfaces we 
take and, because of this dependence, even de Sitter and 
FLRW spacetimes are categorized into wormhole. 

In this paper, we would propose a new definition of the 
wormhole throat which is better suited for the intuitive 
image of wormhole. Our definition seems to be a hy¬ 
brid one of null-hypersurface-based definition 0 , 0 and 
spacelike hypersurface one (7[j. We describe the throat in 
terms of the expansion rate of null geodesic congruences 
on a kind of spacelike hypersurface. 

The other parts of this paper are organized as follows. 
In Sec. m we introduce a new definition of the wormhole 
throat and discuss some general features. In Sec. IIII1 


we consider several examples to see if our definition can 
work well. Finally, we give a summary in Sec. IIVI 


II. NEW DEFINITION 

In this section, we propose a new definition of the 
wormhole throat with the flare-out condition and the 
traversability. We also discuss some general features. 

We consider a codimension two spacelike compact sur¬ 
face S and future directed out going/ingoing null geodesic 
congruences with the affine parameter A± emanating 
from S. Then we define the null expansion rate 0± and 
we introduce the following quantities 


1 

1 

+ 

II 

(1) 

and 


k := 9+ + B-. 

(2) 

Defining the following two vectors 


r a := (5+ - d-) a 

(3) 

and 


t a :=(d + +cL) a , 

(4) 

where d± := d\ ± , k and k are rewritten as 


k = r a V a In Vh, k = t a \7 a In Vh. 

(5) 


In the above h is the determinant of the induced metric 
of the codimension two surface S. Although we cannot 
assume that the affine parameter A± emanating from S 
provides us the global coordinate for spacetimes in gen¬ 
eral, we can have a quasi-local null coordinate system A± 
such that it coincides with A± when it crosses S. 

Now we define the throat as the codimension two sur¬ 
face such that 

k\s = 0 (6) 

holds and the following flare-out condition 

r a V a k\ s > 0 


(7) 
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is satisfied. We emphasize that, by fixing the coordi¬ 
nate locally with A+, there is no ambiguity of the spa¬ 
tial derivative r a V a . To introduce the concept of the 
traversability for the wormhole we consider the time se¬ 
quence of the throat. We say that the wormhole is 
traversable if the tangent vector of the sequence of the 
throat, which is normal to S, is timelike. Moreover, if 
there are some event horizons in the region that satisfies 
Eq. (O and inequality (0, we exclude the inside of the 
event horizon from the definition of the throat. This is 
because travelers cannot come back to the same region 
from black hole. 

Let us look at general properties of our definition of 
the wormhole. From the condition of Eq. ([ 6 | we have 

0+|s = 0-|s- (8) 

When 0 + |s = 9-\s < 0 (> 0), it means the existence of 
the future(past) trapped surface. Then, if the null en¬ 
ergy condition holds, the singularity theorem implies the 
presence of singularity in the future(past) [ldl j . With the 
energy condition, assuming the cosmic censorship conjec¬ 
ture to be held, the future trapped region is always inside 
the event horizon [m[ , and thus it is excluded in our def¬ 
inition of wormhole. Meanwhile, with 0+|g = 0_|g > 0, 
the singularity theorem predicts the past singularity but 
we do not exclude the past trapped region. The reali¬ 
sation of 0 _| 5 > 0 will be easy in expanding universe 
and the past singularity may be unified to the initial 
one. That is, there is a room to construct a dynamical 
wormhole in the cosmological context keeping the energy 
condition. 

Let z a to be the tangent vector of the time sequence 
of the throat which is normal to S. Since it is timelike, 
we can write it as z a = a(d+) a + /?(<?_)“ with a,/3 > 0. 
Along the time sequence, 



z a \7 a k\s = 0 

(9) 

holds and this 

gives 



d-k\ s = d+k\ s ■ 

( 10 ) 

Then, r a V a fc s 

becomes 


r a V a fc| s 

= (i+|h% 



= (i + ^)(cM+-d+ 0 _)| 5 >o. 

( 11 ) 


If the null energy condition is satisfied in D-dimensional 
spacetimes, the Raychaudhuri equation tells us 

d+0+ = - D \ 2 9\ - <T +a& <7“ h - R a bn a n b < 0, (12) 


where er + a 6 is the shear and n a is the tangent vector 
of null geodesics. Here we used the fact that the null 
geodesic congruences are normal to the throat, that is, 
the rotation of the congruence vanishes. Therefore, 

cMMs<0 (13) 


is required at least for the presence of the throat. 

It is nice to have other general features. Since we have 
an equality 

r a \7 a k + t a \7 a k = 2(d + 9+ + d-6 _), (14) 

the Raychaudhuri equation with the null energy condi¬ 
tion show us 


r a \7 a k + t a X7 a k < 0. (15) 

In particular, the flare-out condition is not satisfied, 
r“V a k < 0 , for a sort of static case of t a 'S/ a k = 0 as 
long as the null energy condition is satisfied. This is a 
simple confirmation of well-known fact. 


III. EXAMPLES 

Let us examine our definition in four dimensional 
spacetimes with symmetries including the spherical sym¬ 
metry. 


A. General scheme 


In the null coordinate, the metric of a spherically sym¬ 
metric spacetime is generically written as 

ds 2 = — a 2 (u , v)dudv + R 2 (u, v)dCt 2 , (16) 

where dQ% is the metric of the unit 2-sphere. The throat 
is supposed to be located at a two surface specified by 
u = Uo , v = Vo ■ 

The radial null geodesic will be on u or v =constant 
lines. Let us consider the geodesic on v = vq which fol¬ 
lows the geodesic equation 


^ + 2 +a(*+ 0 

aX^ a \a\ u / 


(17) 


In a formal way, we can solve the above as 


A„ = C~ 



a 2 (u’)du' =: U, 


(18) 


where a(u) := a(u,v o). C u is the positive integration 
constant and we choose X u such that du/d\ u > 0. In the 
same way, for the geodesic on u = uq, we have 



where a(v) := a(u o, v). C v is the positive integration con¬ 
stant and we choose A„ such that dv/dX v > 0. Employing 
U, V as new coordinates, the metric (fTBl) is rewritten as 

C r ^ ('ll, 71^ 

ds 2 = -C U C V \ . dUdV + R 2 (u , v)dfl 2 2 . (20) 

a z (u)a z (y) 
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We would stress that U (V) is the affine parameter on 
v 0 (u o) =constant geodesic. 

The null expansion rate 9u,0y are calculated to be 

0u = 0- = —duR, 9 V = 0+ = —dyR- (21) 

So k defined by Eq. o becomes 

k = — (dy - du)R 

= ^(C v a~ 2 (v)d v - C u a~ 2 (u)d u )R. (22) 

K 

On the throat S, k is supposed to vanish and then we 
have 

C u d u R\ s = C V 8 V R\ S . (23) 

In the above, we used the fact of a(uo) = a(v o) =: ao- 
We also need to check the flare-out condition 0 and 
the traversability @ , which are written with the coordi¬ 
nate as 

r a Vak\s 

= (d v - du)k\s 

= [-2 C 2 d v In a(v)d v R - 2C 2 d u In a(u)d u R 

Q/Q-LL 

+C 2 d 2 R - 2 C u C v d u d v R + Cld'iR] \ s 
> 0 (24) 

and 

z a X a k\ s 

= ( ad v + (3du)k\ s 

= [—2aC 2 d v In a(v)d v R + 2/3C^<9„ In a{u)d u R 

+aC 2 d 2 R -{a- P)C u C v d u d v R - pC 2 u d 2 u R] \ s 
= 0. (25) 

Equalities (l23l) . (l25l) and inequality (l24l) with the pos¬ 
itivities of C u , C v , a and /3 are the conditions for the 
wormhole in spherically symmetric spacetimes. 


B. Examples 

In this subsection, we look at concrete examples which 
include non-wormhole spacetimes. 


1. Schwarzschild spacetime 

It is well-known that the throat of the Schwarzschild 
spacetime is not the throat of the wormhole due to the 
presence of the event horizon. Nevertheless, it is nice to 


see the feature in terms our definition of the throat. To 
see this we adopt the Kruskal coordinate 

A r 3p-r/r g 

ds 2 = —2—- {-dT 2 + dX 2 ) + r 2 dn 2 , (26) 

where r g = 2M and M is the Arnowitt-Deser- 

Misner(ADM) mass. The coordinate transformation 
from the Kruskal to ordinal one is given by 

(r/r g - l)e r/r " =X 2 -T 2 (27) 

and 

T/X = tanh(f/2r ff ) (28) 

for r > r g , or 

X/T = tanh(f/2r g ) (29) 

for 0 < r < r g . 

In this case, choosing u,v &su = T~X,v = T + X, 
k\ s = 0 (Eq. (1231) 1 gives us 

C u (T + X)\s = C v (T-X)\ s . (30) 

This implies that the candidate of a throat is in the region 
0 < r < r g because of C Ul C v > 0. In addition, inequality 
(Ell and Eq. C5l) become 

r a V a k\ s = -r*re- r/rg CuC v \s > 0, (31) 

a o' 

z a V a k\s = ^e~ r / r °(a - /3)C u Cv\s = 0, (32) 

a%r 4 

where Oq = 4[r^/r)e~ r R g . The flare-out condition is 
satisfied as expected and the tangent vector of the throat 
orbit of a = /3 is timelike. However, there is the event 
horizon at r = r g that is the boundary of the region 
satisfying Eq. (1231) and inequality EH) . Therefore, as we 
have commented in Sec. IE the Schwarzschild spacetime 
does not have the wormhole throat. 


2. de Sitter spacetime 

Next we will examine the de Sitter spacetime. If one 
elaborates the selection of a spacelike hypersurface and 
follows Maeda et al.’s definition Q for the wormhole 
throat, there is a case where the wormhole is. This is 
because Maeda et al.’s definition is not slightly appropri¬ 
ate. Meanwhile our definition excludes this case. 

In the flat chart, the metric of the de Sitter spacetime 
is given by 

ds 2 = a 2 (r/)(—dri 2 + dr 2 + r 2 dVl\) 

= a 2 (r])(—dudv + r 2 dfl 2 ), 


( 33 ) 
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where a(p ) = — l/(Hp), H is the Hubble constant and 
u = p — r,v = p + r. Then Eq. (1231) implies 

C u (Har-l)\ s = C v (Har+l)\ s . (34) 

This has a solution 

C u + C v 

Hot = — -— > 1, (35) 

U ^V 


Together with Eq. (l39l) . the above implies 

a 2 r 2 (a 2 + k) < aa(l — kr 2 ) < aaa 2 r 2 . (42) 

Using the Friedmann equation, it is easy to see that the 
inequality a 2 + k < ad obtained from inequality (El) is 
equivalent with the violation of the null energy condition, 

P + P< 0, (43) 


if one chooses C U ,C V satisfying C u > C v . This means 
that the throat candidate is in outside of the cosmological 
horizon. 

Let us see the flare-out condition (El) . With the metric 
we have 

2 H 2 

r a \7 a k\s = - ~-C u C v \s<0. (36) 

or 

This disagrees with the flare-out condition (El) . There¬ 
fore, there is no throat in the de Sitter spacetime as ex¬ 
pected. 


3. Friedmann-Lemaitre-Roberts on- Walker(FLRW) 
spacetime 


where p and p are the energy density and the pressure 
of the perfect fluid, respectively. This is consistent with 
common sense. 


4. Morris-Thome wormhole 


The Morris-Thorne wormhole, which is static and 
spherically symmetric, is often investigated GHJEMl. 
The metric is given by 

1 dr' 1 + r 2 d<} 2 

= e 2 ®(—dt 2 + d£ 2 )+r 2 dtt 2 
= — e 2 ®dudv + r 2 G?fl 2 , (44) 


ds 2 = -e 24 , «df 2 + ( 


Now we consider the FLRW spacetime. The metric is 
given by 

ds 2 = — dt 2 + a 2 (t)[(l — kr 2 )~ 1 dr 2 + r 2 dfl 2 ] 

= a 2 (p)[—drf + dC, 2 + r 2 dfll] 

= a 2 (rf)[-dudv-\-r 2 d£l\] 1 (37) 


where 4>(r),6(r) are functions of r, C, is defined by dC, = 
e~^dr/^ 1 — £ and u = t — (, v = t + (. Here we sup¬ 
pose that gtt = —e 2$ is negative and regular. Note that 
this metric is not obtained as a solution of the Einstein 
equation with a given matter field action. 

For this spacetime, Eq. (l23l) becomes 


where k = —1,0,1 depending on the spatial topology, p 
is the conformal time defined by dp = a~ 1 (t)dt, di ( = 
dr I \/1 — kr 2 and u = p — <^,v = p + 

For the FLRW spacetime, Eq. (l23l) becomes 


C u (ar — \J 1 — kr 2 ) 


C v (ar + \J 1 — kr 2 ) 




This implies that the throat candidate is the surface that 
satisfies b{r) = r because of C U ,C V > 0. The flare-out 
condition (El) becomes 


where a = da(t)/dt. If one chooses C U ,C V satisfying 
C u > C v , the above has the solution as 


m 


a(t)r 
y/1 — kr 2 


C U + Cy 

C U ~ Cy 


> 1, 


(39) 




> 0 , 


(46) 


where b' = db(r)/dr. This flare-out condition is satisfied 
if 


where H(t) := a{t)/a{t). Roughly speaking, as in the 
de Sitter case, this means that the throat candidate is in 
outside of the cosmological horizon. 

For the current case, the flare-out condition (El) be¬ 
comes 

a _ , . 2C U C V [aa(l - kr 2 ) - a 2 r 2 (a 2 + k)\ 

r \s = - 4 r- 2 2 — t: - rrd - 

a 4 [a z r z — (1 — kr z )\ s 

> 0. (40) 

This requires 

a 2 r 2 (a 2 + k) < aa(l — kr 2 ). (41) 


b' < 1 (47) 

on S. The traversability (Ell becomes 

QV7 ,, _ {aC v -0C u )(C v + C»)(l-V) _ 2$ 

Z VqA 'I‘S — 4 r 2 e 

= 0. (48) 

From this equation, we see that the tangent vector of the 
throat orbit of aC v = (3C U is timelike. 

To sum up, the conditions for the wormhole are b(r) = 
r and b' < 1. These conditions are the same as the well- 
known result of Ref. [If. 
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5. Dynamical Ellis wormhole 

The dynamical Ellis wormhole is sometimes investi¬ 
gated as a typical example Hlj] . The metric is given 

by 

ds 2 = —dt 2 + a 2 (t)[dr 2 + (r 2 + b 2 )d£l\] 

= a 2 (r])[—dr ] 2 + dr 2 + (r 2 + 6 2 )dD 2 ] 

= a 2 (r])[—dudv + (r 2 + b 2 )dVl\], (49) 

where <2(77) is a function of the conformal time 77, b is 
a constant and u = rj — r,v = 77 +r. Note that the 
metric (147)1) is not obtained as a solution of the Einstein 
equation with a given matter field action as that of the 
Morris-Thorne wormhole. 

For this spacetime, Eq. (l 23 l) becomes 

C u (a(r 2 + b 2 ) - r)\ s = C v (d(r 2 + b 2 ) + r)| 5) ( 50 ) 

where a = da/dt. Since C U ,C V > 0 , this gives us rather 
trivial condition 

r 2 < a 2 (r 2 + b 2 ) 2 (51) 


In a similar way, from inequality (1561) . we have 

a 2 — b~ 2 > ad. (60) 

The above two inequalities imply 

— 2 d 2 + b~ 2 < ad < a 2 — b~ 2 , (61) 

and then we see 

d 2 b 2 > (62) 

Under the energy condition (RTT1) . we can see that f(r) 
has the maximum value at r = 0. Therefore, the condi¬ 
tion for the existence of the region satisfying inequality 
(l53l) is /(0) > 0, which becomes 

a 2 < b~ 2 . (63) 

Using this, inequality (ItTH) tells us 

— a 2 < —2d 2 + b~ 2 < ad < a 2 — b~ 2 < 0. (64) 

2 

Here let us suppose a(t) to be proportional to f 3 < 1+ ”), 
where w is a constant. In this case, inequality (1641) im¬ 
plies the constraint for w as 


at the throat candidate. The flare-out condition (l24l) 
becomes 


1 1 

— - < w < 

3 “ 3 


(65) 


av7 2 C U C V [adr 2 - d 4 (r 2 + b 2 ) 2 + a 2 b 2 ] 

r V “ ' S ~ a 4 [d 2 (r 2 + 6 2 ) 2 - t- 2 ] s 

> 0. (52) 

Inequality (15^1) gives 

f(r) := -d 4 (r 2 + b 2 ) 2 + d 2 b 2 + adr 2 > 0. (53) 

Using the Einstein equation R^ — Rg^/2 = with 

the given metric (1491) . we compute the energy-momentum 
tensor T^. Then the dominant energy condition requires 

—T* - T r r = ^(ad + 2d 2 ) > 0, (54) 

—T* + T% = ^(-ad + d 2 ) > 0, (55) 

-T>, + T; = i (-«« + d 2 - > 0. (56) 

-T> t -1*,= 1 (,,,, + 2 i? - (r2 * 2 t2)2 ) > 0, (57) 


where 6 is the angular coordinate appeared as dU 2 = 
d0 2 + sin 2 9d(j) 2 . Inequality m gives us stronger than 
that obtained from inequality (l54l) . which gives 


aa -(“ 2 d 2 :> 


b 2 

[r 2 T b 2 ) 2 


The tightest constraint is given at r = 0 as 


(58) 


We can see from inequality (IS^l) and (RxJl) that the worm- 
hole satisfying the dominant energy condition is realized 
in a certain time interval of the universe and the size is 
about the Hubble radius. 

Note that we did not give the equation of state like 
p = wp here. In the current case, w will be determined 
through the Einstein equation. Moreover, the energy- 
momentum tensor derived through the Einstein equation 
does not have isotropic pressure. Therefore w in inequal¬ 
ity (1551) is not directly related to the equation of state. 

Setting C u = C v = 1, we see that the throat is located 
at r = 0 and the tangent of the throat orbit is obviously 
timelike. 


6. DGP wormhole 

Finally we shall consider the DGP wormhole discussed 
in Refs. CM3- The DGP is one of the braneworld 
models and our four dimensional spacetime is realized as 
a membrane in five dimensional spacetime. In Ref. 0 , 
Maeda et al.’s definition [7] was employed and it turned 
out that the spacetime on the brane has the wormhole 
throat. Here we reconsider the brane geometry using our 
current definition. 

The induced metric is 

ds 2 = 7 ~ 2 {r)dr 2 + r 2 (— dr 2 + cosh 2 rdD 2 ) , ( 66 ) 

where 

2 -(r 2 -2r 2 ) +Vr 4 ~4r 2 r2 

7 [T> 277) 


ad + 2d 2 > b 2 . 


(59) 


(67) 
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and ro,r c are positive constants satisfying tq > r c . The 
range of r is limited as r > r* := y/r^ + r 2 so that y 2 (r) 
is positive, and we see 0 < y 2 (r) < 1 . 

To investigate the spacetime structure in the current 
scheme, it is better to introduce new coordinates (T, R) 
defined by T = rh(r ) sinhr and R = rh(r) coshr, where 

In/i(r) = [ - —dr. ( 68 ) 

J 7 r 

Then the metric is written as 

ds 2 = h~ 2 (r)(—dT 2 + dR 2 + R 2 dn 2 ). (69) 

Here we choose u, v as u = T—R , v = T+R and a(u, v) = 
/i -1 (r). 

Now we can look at Eq. ED 

C u [(1 - y)e r coshr - l]| g 
= —C v [(1 - y)e _r coshr - l] | g . (70) 

Because of C U ,C V >0, this implies 

7 2 < tanh 2 r. (71) 

Note that the apparent horizon of the DGP wormhole is 
located at the surface satisfying y 2 = tanh 2 r. 

Inequality EH) becomes 


r a V a k\s 

2 C 2 h 2 [y 2 (l — y 2 ) cosh 2 r + ryy' sinh 2 r] 
r 2 {(1 — y)e T coshr — l } 2 

> 0 , 


s 

(72) 


where y' = dj(r)/dr. Using the fact of 0 < y 2 (r) < 1 
and 


ryy = 


V 7,4 - ^ r 2 


( 1 -y 2 ) >0 


(73) 


derived from Eq. (Ell), it is easy to see that the flare-out 
condition (TE 1 ) is always satisfied. 

The traversability E5l) is calculated to be 


C 2 e 2 r {ryy'+ (l y 2 ) } 

+C U C V {ryy' - (l - y 2 )} 


= P 


cle 2r {ni + ( 1 -y 2 )} 

+C u C v {r yy'- (l-y 2 )} 


.(74) 


From Eq. (USD, we see ryy' — (l — y 2 ) >0. This implies 
that a and j3 exist and they must be positive. There¬ 
fore, the region satisfying inequality (ED is the wormhole 
throat. This result is consistent with that in Ref. Ha- 


Setting C u = C v = 1, Eq. ED is solved rg(r) as 
r|(r) = r 2 (l — tanh 4 r) + Tq( 1 — tanh 4 r) _1 . (75) 

This is the same with result in Ref. H3- 

Although one considers the vacuum brane, as stressed 
in Ref. [l7|, the energy conditions are not satisfied for 
the effective energy-momentum tensor computed from 
the four dimensional Einstein tensor on the brane. 


IV. SUMMARY 


In this paper, we proposed a new definition of the 
wormhole throat with the flare-out condition and the 
traversability for general cases in terms of the null ex¬ 
pansion rate. This formulation is refined one of the for¬ 
mer studies 0 - 0 - It can appropriately represent not only 
wormholes without singularities, which are mainly inves¬ 
tigated in this field, but also the cosmological wormholes 
proposed in the recent work [7j. 

As a demonstration, we applied our formulation to sev¬ 
eral examples which include non-wormhole spacetimes 
too. As a result, we could confirm that our definition can 
work at least for the concrete examples considered here. 
All of our examples are spherically symmetric cases, while 
it is interesting to investigate whether in generic space- 
times our definition coincides with the intuitive image of 
wormhole. This is left for future study. 

Practically interesting objects are wormholes which we 
can actually pass through. The dynamical Ellis worm- 
hole is that in FLRW universe without violating any ex¬ 
otic matters, and thus it could exist in our Universe. 
However, it is too large. Because of the similar size to 
the Hubble radius, even if it exists, it is not observed as 
a compact object but rather affects to the cosmological 
scale physics. For actual use, small wormholes are fasci¬ 
nating, but it seems hard or impossible to construct such 
wormholes without violating the energy condition. 
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